§;: ALMOST FREE SPLITTERS 

^ ■ Riidiger Gobel and Saharon Shelah 

o' 

^ , Abstract 

Let -R be a subring of the rationals. We want to investigate self splitting 

^j I i?-niodules G that is FiX.tji{G,G) = holds. For simplicity we will call such 

1-^ ' modules splitters, see |16|. Also other names like stones are used, see a dictio- 



\o 



r~| . nary in Ringel's paper |14]. Our investigation continues [1^]. In ||l^ we answered 



j^ ! an open problem by constructing a large class of splitters. Classical splitters are 



free modules and torsion-free, algebraically compact ones. In |1C] we concen- 
trated on splitters which are larger then the continuum and such that countable 
submodules are not necessarily free. The 'opposite' case of Ki-free splitters of 
>• I cardinality less or equal to Ki was singled out because of basically different tech- 

niques. This is the target of the present paper. If the splitter is countable, then 
it must be free over some subring of the rationals by Hansen |jl^. Contrary to 
the results in |10| and in accordance to [12| we can show that all Ui-free splitters 



of cardinality Hi are free indeed. 



"S ■ 1 Introduction 

Throughout this paper R will denote a subring of the rationals Q and we will consider 
/2-niodules in order to find out when they are splitters. 'Splitters' were introduced in 
^ ■ Schultz [jl6[. They also come up under different names as mentioned in the abstract. 

^ Definition 1.1 An R-module G is a splitter if and only ifExt r{G, G) = or equiva- 
lently if Ext z{G, G) = which is the case if and only if any R-module sequence 

— >G^X ^^G^O 
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splits. 

A short exact sequence 



— y B ^UC ^^A^O 



represents in Ext {A, B) if and only if there is a sphtting map 7 : A — > C such that 
7a = id A- Here maps are acting on the right. 

Recall an easy basic observation, see 0: 

//Ext {A, 5) = 0, A' C A and B' C B, then Ext {A', B/B') = as well. 

The first result showing freeness of splitters is much older then the notion of splitters 



and is due to Hansen |T2[. It says that any countable, torsion-free abelian group is a 



splitter if and only if it is free over its nucleus. The nucleus is the largest subring R of 
Q which makes the abelian group canonically into an i?-module. More precisely 

Definition 1.2 The nucleus R of a torsion-free abelian group G ^ is the subring R 
of Q generated by all - (p any prime) for which G is p-divisible, i.e. pG = G. 

The fixed ring R mentioned at the beginning will be the nucleus R = nuc G of the 
associated abelian group G. 

The following result reduces the study of splitters among abelian groups to those which 
are torsion-free and reduced modules over their nuclei. 

Theorem 1.3 ( [|T6|| ) Let G be any abelian group and G = D (B G a decomposition 
of G into the maximal divisible subgroup D and a reduced complement G . Then the 
following conditions are equivalent. 

(i) G is a splitter. 

(a) D is torsion (possibly 0), G is a torsion-free (reduced) splitter with 
(a) ^ pG = G for all p — primary components Dp 7^ of D. 

(b) D is not torsion and G is cotorsion. 



Many splitters are constructed in |TD[, in fact we are also able to prescribe their 



endomorphism rings. This shows that uncountable splitters are not classifiable in any 
reasonable way, a result very much in contrast to classical well-known (uncountable) 
splitters which are the torsion-free algebraically compact (or cotorsion) groups. 



The classical splitters come up naturally among many others when considering 
Salce's work |1^ on cotorsion theories: A cotorsion theory is a pair of classes of R- 
modules (^, €) which are maximal, closed under extensions such that the torsion-free 
class ^ is closed under subgroups and the cotorsion class (£ is closed under epimorphic 
images and Ext {F, C) = for all F G 5" and C ^ €. The elements in ^ fl C^ are 
splitters and in case of Harrison's classical cotorsion theory these are the torsion-free, 
algebraically compact groups. For the trivial cotorsion theory these are free i?-modules. 

Hansen's |1^ theorem mentioned above can be slightly extended without much 
effort, see |llO[ . 



Theorem 1.4 If R = nucG is the nucleus of the torsion-free group G and G is a 
splitter of cardinality < 2^° , then G is an Ki-/ree R-module. 

Recall that G is an Ki-free i?-module if any countably generated i?-submodule is free. 
The algebraic key tool of this paper can be found in Section 2. We consider torsion-free 
i?-modules M of finite rank which are minimal in rank and non-free. They are (by 
definition) n-free-by-1 i?-modules if rkM = n -|- 1; the name is self explaining: They 
are pure extensions of a free i?-module of rank n by an i?-module of rank 1. Similar 
to simply presented groups, n-free-by-1 groups are easy represented by free generators 
and relations. Using these minimal -R-modules we will show the following 

Main Theorem 1.5 Any 'Ri-free splitter of cardinality Ki is free over its nucleus. 

The proof will depend on the existence of particular chains of Ki-free -R-module of 
cardinality Ki which we use to divide Ki-free i?-modules of cardinality Ki into three 
types (I, II, HI). This may be interesting independently and we would like to draw 
attention to Section 3. In Sections 4-7 we use our knowledge about these chains to 
show freeness of splitter. The proof is divided into two main cases depending on the 
continuum hypothesis CH (Section 5) and its negation (Section 4). In the appendix 
Section 8 we present a proof of the main result of Section 5 under the weaker set 
theoretic assumption WCH 2^° < 2^^, a weak form of CH which will be interesting 
(only) for splitters of cardinality > Ki. The results in Section 6 and 7 on splitters of 
type II and HI do not use the case distinction by additional axioms of set theory. 

2 Solving Linear Equations 

Let R he a subring of Q. Then i?-modules of minimal finite rank which are not free 
will lead to particular infinite systems of linear equations. Consider the Baer-Specker 
i?-module R'^ of all i?- valued functions f : u —^ R on u, also denoted by / = {fm)meuj- 



Lemma 2.1 Let p = {pm)mGui, h = {kim)meu; ^ R'^ ii < n) where each p^ is not 
a unit of R. Then we can find a sequence s = {Sm)meuj ^ R'^ such that the following 
system of equations {§) has no solution x = (xq, . . . , x„) G R^^^, ym & R with 

VO = Xn, ym+lPm = 2/m + ^ 3;^ /Cj^ + Sm {m E u) . (s) 

i<n 

Proof: We will use Cantor's argument which shows that there are more real numbers 
than rationals. First we enumerate all elements in i?"+^ as 

W = W = {x"'= (x™, . . . , X™) : meu} 

and construct s G R'^ inductively. 

It is interesting to note that the set of bad elements 

fi = {s G i?" : 3x G i?"+\ {ymUeu. G i?" solving (s)} C i?- 

is a sub module of R'^ but \B\ is uncountable in many cases. Hence enumerating B 
would not help. 

Suppose So, . . . , Sm-i G R are chosen and we must find Sm- We calculate yo, ■ ■ ■ ,ym 
from Sq, . . . , Sjn-i and j/o = xj^, x^, . . . , x™_]^ and equation (s) up to m — 1. The values 
are uniquely defined by torsion-freeness and in particular 



ym + J2^ThmeR (2.1^ 



i<n 



is uniquely defined. Recall that Pm is not a unit and either p^ does not divide z, then 
we set Sm, = or we can choose some s^ G i? \ {0} and p^ does not divide z + Sm- In 
any case 

y Pm = z + Sm has no solution in R (2.2) 

and Sm is defined. 

Suppose that (s) has a solution x G -R"^^, then x = x™ for some m by our enumer- 
ation. We calculate ym+i from (s) substituting x, hence 

i/m+l P»?i i/m ~r / ^ Xj fCj,,^ -|- Sj^j 2: -p S,^^ 

is solvable by (|2.1| ), which contradicts (2^). □ 



If G' C G is a pure i?-subniodule of some i?-niodule G which is of finite rank, not 
a free i?-niodule such that all pure i?-subniodules of G' of smaller rank are free, then 
we will say that G' is minimal non-free. Such minimal non-free modules are "simply 
presented" in the sense that there are Xi,ym E G' {i < n,m E u) such that 

G' = {B, VraR -.meuj) with fi = x^i? (2.3) 

i<n 

and the only relations 

Vm+lPm =ym + '^Xi kim (m G u) (2.4) 

i<n 

and coefficients pm, kim £ R- The submodule B is pure in G' . If G is not Ki-free, then 
the existence of minimal non-free submodules is immediate by Pontryagin's theorem. 
Non-freeness of G' implies that the Baer type of 

G'/B = T CQ 

is strictly greater than the type of R, see Fuchs [^ Vol 2, pp 107-112]. 

In more details we have that B is a pure submodule of G', hence G'/B is torsion- 
free of rank 1 and since G' is not a free i?-module, G'/B = T cannot be isomorphic 
to -R. li (f : G' ^ Q is the canonical homomorphism taking 5 to and yo to 1 G Q, 
then Imyj C Q represents the type of {yo + B)^ = G'/B. There are pm G N, not units 
in R such that T = [J g~/Z C Q and qm = Y[i<mPi- ^^ order to derive the crucial 

mSiu! 

equations as in the above definition we choose preimages ym G G' of g~^ such that 



yo'^ = qo 



1 and ym^p = Qm^ {m eu). 



Using qm+i = qmPm we find elements kim & R {i < n), Qm ^ G' such that ( p.3| ) and 
(|2.4| ) holds. We will constantly use the representations (|2.3|) and ( p.4|) which are basic 
for the following 



Proposition 2.2 Let G^ ^ Gq+i he a countable free resolution of G' as in (\2.^ ) and 



let the relations ( \2.^ be expressed in Ga+i by 

y„i+lPm Vm ' / J ■^i I'm ' 9m 
i<n 

for some Qm G G^; let z^, {m G uj) be non-trivial elements of an Ki-/ree R-module H^ 
of cardinality Ki and 

— >H^ — >Ha^Ga — ^ 



be a short exact sequence. Then we can find an R-module 

H' ={H^®B\y'„^:meuj) 
with -B' = x[R, 'g^h = Qm and the only relations in H' 



i<n 



y'm+lPrn = V'm + ^ ^%m + Zm + Qm- (^ ^ ^) 



t<n 



The map h extends to h' by x[h' = x'-, y'^h' = y'^ such that the new diagram with 
vertical maps inclusions commutes: 







— 


i 


-^ Ha 
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h 

— > 


Ga 
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-^0 









-. H^ - 


-^ H' 


h' 
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-^0 


Proof: 


Let 















F„+i = ifa © Xii? © ymR 

i<n mGui 

and define 

Na+l = {{ym+lPm - Vm - ^ Xikim - Zm - gm)R : m E Uj) . 

i<n 

Hence H' = Fa+i/Na+i and let 

X'i = Xi + Na+l, y'm = ym + Na+l and x' = X + Na+l- 

First we see that 

X — > x' {x G Ha) defines an embedding Ha — > H' 
and then we identify Ha with its image in H'. 

It remains to show that Ha fl A^^+i = viewed in Fa+i. If x G Ha n Na+i, then 
there are km & R for m < I and some / G uj such that 

I 

/ J yVm+lPm Vm / ^ ^il^im ^m gmj'^m 3J G iJa. 
m=0 i<n 



I I 

We get X = - Yl {zra + gm)km and Y. {ym+iPm-ym-Yl ^ikim)km = 0. The coefficient 

m=0 m=0 i<n 

of yi+i is piki = 0, hence ki = and going down we get k^ = for all m < /, hence 
X = and (a) holds. Due to N^+i we have the useful system of equations in H'. 

(b) y'm+lPm = y'm+J2 ^ikim + Zm + Qm with (jm G H^. 

i<n 

In view of (a) we also have 

(c) H' = {H^ ®B',y'^:me u) with 5' = x',R C H'. 

i<n 

Next we claim that 

. li h' \ Ha = h, x[h' = Xi and y'^h' = ym {i < n,7n G lu), then 
h' : H' — > Ga+i is a well-defined homomorphism with 

(e) ker/i' = H^ and Imh' = G^+i- 

As /i' is defined on non-free generators, we must check that the relations between 
them are preserved, when passing to the proposed image. The relations are given by 
Na+i or equivalently by (6). Using the definition (d) we see that the relations (6) are 
mapped summand-wise under h' as follows. 

i<n 

ym+lPm • ym ~r / j XiK,im ~r U + Qfn 

i<n 

and inspection of (|2.4| ) and the relations in Gq+i shows that ? is an equality sign 
"=". Hence h' is well-defined. Notice that Hah' = H^h = Ga, therefore h' induces a 
homomorphism 

H I Ha ^ Ga+l/Ga 

and the last argument and Qm G Ga show that this is an isomorphism. Hence passing 
from h to the extended map h' the kernel cannot grow, we have H^ = ker h' = ker h 
and Im h' = Ga+i is obvious, so (d) and (e) and the proposition are shown. 



3 The Main Reduction Lemma - Types I, II and III 

The Chase radical uG of a torsion-free i?-module G is the characteristic submodule 

uG = f]{U C G, G/U is Ki-free }. 
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Since GjvG is also Ki-free, the Chase radical is the smallest submodule with Ki-free 
quotient. If ?7 is a submodule of G we write 

vjjG = G' for the Chase radical of G over U which is defined by v{G/U) = G' /U. 

Given any Ki-free i?-module G of cardinality |G| = Ki, we fix an Ni-filtration 

G= [JGl 

which is an ascending, continuous chain of countable, free and pure i?-submodule G^ 
of G with GO = 0. 

We want to find a new ascending, continuous chain of pure /2-submodules Ga (not 
necessarily countable) such that G = |J Gq. However we do require that 

G/Ga is Ki-free if a is not a limit ordinal. (3.1) 

We will use the new chain to divide Ki-free i?-module of cardinality Ki into three types. 
This distinction helps to show that Ki-free splitters of cardinality Ki are free. 

Suppose G/3 C G is constructed for sX\ (3 < a. Next we want to define Ga- If a is a 
limit ordinal, then 

Ga= \J GfS. 
/3<a 

Hence we may assume that a = j3 + 1 and we must define Ga = G^g+i. In order to 
ensure G = |J Ga we let 

Gao = {Gp + Gq)* C G (3.2) 



the pure i?-submodule generated by Gp + G° . In any case we want to ensure that ( p.l|) 
holds, hence i^Cao^ — ^a- Therefore we construct an ascending, continuous chain of 
pure i?-submodules 

{Gaj '■ 3 < ^i} with Gaj+i/Gaj = or minimal non-free for each < j < cui (3.3) 
such that Ga = U Gaj- Suppose that Gai is defined for all i < j < uJi. If j is a limit 
ordinal we take Gaj = U Gai and if j = i + 1 we distinguish two cases: 

i<j 

If GjGai is Ki-free, then Gaj = Gai hence Ga = Gai and \Ga/Ga-i\ = ^^o• (3.4) 



Otherwise GjGai is not Ki-free, and by Pontryagin's theorem we can find a finite 
rank minimal non-free pure i?-submodule MjGai of G/Gai ■ Since G = [j G^ and 

7^ M \ Gai < G, there is also a least ordinal 7 = 7(M) = ■j{M/Gai) < cui, such that 

iM\G^,)niG^^^,\G^^)^ 0. (3.5) 

Among the candidates M we choose one with the smallest 7(M) and take it for 
M = Gai+i- This completes the construction of the Gai 's. Notice that either the 
construction of Ga stops as in case ( p.4|) or we arrive at the second possibility: 

Gai+i/Gai is minimal non-free for each i < ui and \Ga/Ga-i\ = ^^l• (3-6) 

It remains to show that in case (|3.6| ) the following holds. 

i'GcqG = Ga or equivalently G/Ga is Ki-free. (3.7) 

Suppose that G/Ga is not Ki-free and let X be a non-free submodule of minimal finite 
rank in G/Ga which exists by Pontryagin's theorem. Representing X in G we have 

G" = {xi, i/m, Ga '■ i < n,m E lj)^ with G" /Ga = X, 

see also Gobel, Shelah [|l^. There are elements g^ £ Ga ijn G oj) such that 

i<n 

for some pm, kim G R {pm not units of R). We take 

G' = {xi, ym,gm-i<n,me u;)* C G, 

hence X = G' + Ga/Ga was our starting point. Since G' is obviously countable, there 
is a 7* G uji with G' C G^*. If {Gaj '■ j < cui} is the chain constructed above, we 
also find i E ui with gm G Gai for all m G cu. li i < j E Ui, then G' + Gaj /Gaj is 
an epimorphic image of X, hence minimal non-free or 0. The second case leads to the 
immediate contradiction: 

G' C Gaj C Ga but X ^ 0. 

Hence G' + Gaj /Gaj 7^ was a candidate for constructing Gaj+i for any i < j E ui. 
Has it been used? We must compare the 7-invariant 7(G' + Gaj /Gaj) with the various 
j{Gaj+i/Gaj)- From G' C G°* we see that there is ■y^ < 7* such that 

(G' + G«,\G'«,)n(G;,+i\G;, ^0. 
9 



By minimality of 7j =: 'j{Gaj+i/Gaj) we must have 7^ < 7-' < 7* and 

and {Gaj H G^*) (j G cui) is a strictly increasing chain of length ui of the countable 
module G^., which is impossible. Hence G/Ga is Ki-free and ( p.7|) is shown. We have 
a useful additional property of the constructed chain which reflects (p.7|). 

Corollary 3.1 //O 7^ a G cui zs not a limit ordinal, then Ga = Vg^G. 



Proof: We concentrate on the case ( |3.6| ) and only note that the case ( ^.4| ) is similar. 

Recall from ( p.7|) , that G/Ga is Ki-free, hence the claim of the corollary is equivalent 
to say that any submodule X of G^ must be G^ if only G^ C X with G^/X Ki-free. 

Let a > and suppose G° C X C G^ and 7^ G^/X is Ki-free. First we claim 
that 

G/3 C X for all (3 < a. 

If this is not the case, then let /3 < a be minimal with Gp ^ X. Recall that (3 can not 
be a limit ordinal and we can write /3 = 7 + 1 for some 7 < /?. We have G/3 = IJ G/jj, 

hence 

ip = min {j G uji : Gpj (^ X} e Ui 

exists. If ip = 0, then G^ C G° C X from a > /? and G^o 2 X. We get G^o = 
{G^,G^)^ 2 X and G° C X requires G^ ^ X, contradicting minimality of /3. Hence 
i/3 > and Z/3 = j + 1. We have G/jj^ ^ X and G/jj C X from j < i/j and minimality 
of i/3. However G/jj+i/G/jj is minimal non-free, and 7^ G/jj+i + X/X C G/X is an 
epimorphic image, hence non-free as well. Therefore G/X is not Ki-free, a contradiction 
showing our first claim. 
From the first claim we derive [J G^ C X. Now there must be a minimal 

ia = min {j : G^j '^ X} e Ui, 

which cannot be a limit ordinal, and again ia > 0, hence ia = J + 1- We find 
Gaj ^ X, Gaj+i 2 X and Ga/X cannot be Ki-free, a final contradiction. D 

We now distinguish cases for G depending on the existence of particular filtrations. 
Let G = IJ Ga be the filtration constructed from the Ki-filtration G = |J G°. 

If there is an ordinal f3 < ui (which we assume to be minimal) such that G = G/^, 
then let G = Go which is a countable, free and pure i?-submodule of G. From Corollary 



3TT| we see that ucG = G. Hence, beginning with G we get a new Ki-filtration (we use 
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the same notation) {Ga : a G cui} of countable, pure and free i?-submodules of G such 
that Gq = G and each G^+i/Ga (a > 0) is minimal non-free. In this case we say that 
G and the filtration are of type I. 

In the opposite case the chain only terminates at the limit ordinal ui i.e. Gp 7^ G 
for all f3 < Ui. We have a proper filtration G = [J Ga such that Corollary |3.1| 

a<uji 

holds. If for each a E ui for some i < Ui case ( p.4| ) occurs, then the constructed 
chain {Ga : a G tui} is an Ki-filtration of countable, pure and free i?-submodules with 
the properties of Corollary |3.1| and ( p.l| ). We say that the chain and G are of type II 
respectively. 

If G is not of type I or of type II we say that G is of type III. In this case, there is 
a first a E uJi such that Ga+i/Ga is uncountable. We may assume that a = 0. With 
the new enumeration we see that the following holds for type III: 
'G= U Ga, Go = 0,\Gi\ = ^i and (3.1) holds, 

a<LJi 

(III) \ Gi = [J Gqj is an Ki-filtration of pure submodules of Gi 

jea;i 

with each Gqj^i/Gqj minimal non-free. 
We have a 

Reduction-Lemma 3.2 Any Ki-/ree module G of cardinality Ki is either of type I, II 
or III. 



4 Splitters Of Cardinality Ki < 2^o Are Free 

In this section we do not need the classification of Ki-free i?-modules of cardinality 
bill given in Lemma |3.2| . Moreover, we note that Ki-freeness of splitter of cardinality 
Ki < 2*^° follows by Theorem |1.4|. In fact we will present a uniform proof showing 



freeness of splitters up to cardinality Ki < 2^° which extends Hansen's result |T^ 
concerning countable splitters. We begin with a trivial observation 

Proposition 4.1 Let G = |J Ga be an ^i-filtration of pure and free R-submodules 
Ga of G. Then nuc (Ga) = R for all a E uji. 

Proof: Choose any basic element h G Ga for some a E uJi. If r G Q divides h in G, 
then r divides h in Ga by purity, hence r E R from hR®G = Ga and nuc G = R. 
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Corollary 4.2 (Ki < 2^"). If G is a splitter of cardinality < Ki and nucG = R, 
then there is an "^i-filtration G = \J Ga of pure and free R-suhmodules Ga such that 

nuc Ga = R for all a G tui . 



Proof: From Ki < 2^" and Gobel and Shelah 0], see Theorem |1.4|, follows that G 



is an Ki-free i?-module and G has an Ki-filtration as in the hypothesis of Proposition 



iA\ . Hence Corollary [4.2| follows by the Proposition |4.1j . D 



Definition 4.3 Let G be a torsion-free abelian group with nucG = R and X an R- 

submodule of G. Then X is contra- Whitehead in G if the following holds. 

There are Zm G G, Pm-, kim E R {i < n, m E u) such that the system of equations 

Ym+lPm = ^m + ^ Xikim + Zm mod X (m E Uj) 

i<n 

has no solutions ym, ai E G (for Ym, Xi respectively) with 0(aj + X)R free of rank n 
and pure in GjX . Otherwise we call X pro-Whitehead in G. 

For X C G as in the definition let 211 be the set of all finite sequences a = 
(ao, fli . . . , a„) such that 
(i) ai E G {i <n) 
(n) 0(ai + X) R'ls pure in G/X. 

i<n 

(iii) ((oj + X)R : i < n)^ is not a free -R-module in G/X. 

In particular G^ = aiR © X is a pure submodule of Ga = (X, Oji? : i < n)^ and 

i<n 

of G, the module Ga/X is an n-free-by-l i?-module. From ( p.4|) we find Pam ^ N not 
units in R and elements kaim ^ R {i < n), gam ^ Ga such that 



yam+lPam Vi 



am 



+ ^ aikaim + gam (fn E u) {A.l] 



t<n 



The equations { \i. 1| ) are the basic systems of equations which decide about G to be 
a splitter. We will also consider an 'inhomogeneous counter part' of (^4.1| ) and choose 
a sequence z = {Zm : m E u) oi elements Zm G G. The z-inhomogeneous counter part 
of ( [4 .11) is the system of equations 

Ym+lPam = '^m + ^ Xikum + Zm mod X {iTi E Uj) (4.2) 

i<n 
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According to the above definition we also say that a G 211 is contra- Whitehead if 
has no solutions Hm {fn G cj) in G (hence in Go) for some z and Xj = Oj. Otherwise 
we say that a is pro- Whitehead. If G = |J Gq, is an Ki-filtration of G, then we define 

Wa for X = Ga and let S = {a E Ui: there exists a G SHq, contra- Whitehead }. 

Proposition 4.4 If G = [j Ga and S as above is stationary in ui, then G is not a 
splitter. 

Before proving this proposition we simplify our notation. If a G S* we choose 

^m ^ ^j Oi \flQ 1 a\ , . . . , O'ji)') Pam Pami 9 am 9 mi '^aim '^aimi Vam Vm 

SO that equations ( |4.1|) and (|4.2| ) become for X = Ga 

y^+lPam =ym + Yl ^t^^irn + 9m (^ ^ ^) (4-3) 

i<n 

with ^"-inhomogeneous counter part 

Ym+iPam = Ym + "^ Xik^im + z'^ mod Ga {m E Uj) . (4.4) 

i<n 

Hence ( [4.3|) is a system of equations with solutions y^, a", g'^ in G^+i, while ( [4.4|) 
with variables Ym, Xi {m E lo, i < n) has no solutions in G, as discussed in Definition 



4.3 for X = Ga- The set of limit ordinals is a cub, hence we may restrict S to this cub 



and assume that 5* consists of limit ordinals only. If a G 5* we also may assume that 

Ga+i = {Ga, afR ■.i<n)^ = {Ga, afR, y'^R : m E ooi, i < n). 
We begin the 



Proof of the Proposition 4.4: 



We will use the last remarks for constructing h : H — > G such that 

(*) — >H^ — >H ^G — ^ 

does not split, hence Ext (G, H°) ^ 0. We will have H^ ^ G, hence Ext (G, G) ^ 
and G is not a splitter. 

Choose an isomorphism 7 : G — > H^ which carries the Ki-filtration {Gq, : a E uoi} to 
H^ = [j H'^ and z'^ to z'am- Inductively we want to define short exact sequences 



aGuii 



{(3) O^H"" ^Hp^Gf3^0 {f3< a) 
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which are increasing continuously. Let 

(0) — ^H"" -^Ho^O — . 

be defined for Ho = H^ with h^ the zero-map and suppose {(3) is defined for all 
13 < a < uJi with a a limit ordinal. We take unions and (a) is defined. If a G cji \ 5*, 
we extend (a) trivially to get (a + 1) and if a G S* we must work for (a + 1): 
We apply Proposition B^ to find H^ C H^+i with 



Ha+l = {Ha, Cam, Xam ■ m G UJ , l < u) . 

and relations 

Com+l Pam (^am ~r / ^ Xainaira ~r yam ~r Z^^^ [Tfl fc Ul ) y±.0) 



i<n 



with Hamha = dm ^ ^a- We waut to extend the homomorphism ha '■ Ha — > Ga to 
ha+i '■ Ha+i — > Ga+i, and set eamha+i = Vm S'^d Xaiha+1 = ttf . By Proposition |2]^ 
the map ha+i is a well defined homomorphism. It is clearly surjective with kernel H^. 
Hence [a + 1) is well-defined for all a G c^i and h = [J ha shows (*). 

Finally we must show that (*) does not split and suppose that a : G — > H is a 
splitting map for (*), hence ah = idc and H = H^ © Ima and g^ = yamha = Vamh, so 
{yam — Qm^) h = impfics yam — Qm^ & H^ for all a & S. The set 

G = {a E Ul : a a. limit ordinal yam — 9^ ^ ^ H'^} 

- by a back-and-forth argument - is a cub and hence S* fl C is stationary in uoi. We can 
find a G C n 5* and consider the attached equations. In G holds (^]3|) 

Vm+l Pam — Vm ' / j ^i ^aim + 9m 
i<n 

and a moves these equations to H: 

iVm+l ^) Pam = {Vm ^) + Yl ^^^ ^^ ^°^™ + ^^^ ^^ 

which we subtract from (14.51). Hence 



(e^+l - ym+l ^) Pam = (c^ - y^ a) + ^iXai - of (j) kaim + {Vam " 9m ^) + 4 

i<n 
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Put 

am ^rn 9m i ^oti -^ai '^j ^j "^o 

and note that 

/7 7 a 1 OL Oi r\ 

am'^ ^otm,!^ 9m,^ 5'm 5'm ^ 

hence fam £ ker/i = i7°. Similarly Wam, Vam G il". The last equation turns into 

Jam+l Pam Jam ~r / ^ Vaim f^aim ~r W^m + ^am V^ fc Cl'J 
i<n 

which, as just seen, is a system of equations in H^. From a G C we have w^m G -f^4- 
The isomorphism 7"^ moves the last equation back into G and Waml~^ ^ G^. Using 

el f —1 I — 1 / —1 

Jam Jam,1 ; '^am '^aml ; "^aj '^ail 

we derive 

fam+lPam = Jam + _^ '^ai'^aim + ""^am + ^a (m G U;) 



with if^^ G Gq and z'^ as in ( |4.4]) , which is impossible in the case a E S which is 



contra- Whitehead, where we have chosen z^ accordingly. D 

Theorem 4.5 Let G be a splitter of cardinality < 2^" with nucG = R. If X is a pure, 
countable R-submodule of G which is pro- Whitehead in G, then G/X is an 'Ri-free 
R-module. 

Proof: First we assume that nuc {G/X) = R and suppose for contradiction that G/X 
is not an Ki-free i?-module. By Pontryagin's theorem we can find an i?-submodule 
Y C G/X of finite rank which is not free. We may assume that Y is of minimal rank. 
Hence 

Y={B,y^R:meu), B = ^XiR 

i<n 

with the only relations 



Vm+lPm = Z/m + ^ a^i^im {m G Uj) 



i<n 



as in Section 2 such that each p^ G -R is not a unit of R for m E uj. Choose Xi E G 
such that Xi + X = Xi for each i < n. We can also choose a sequence of elements 

Zm E G such that z^ + X is not divisible by Pm-i from nuc{G/X) = R {m E uj). 
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lir] e'^2, then let 

^'? = {r]{e)ze ■.eeuj) = {z^). 

Recall that X is pro- Whitehead in G, hence the systems of equations 

yl,+iPm = y'!n + ^ x^hm + ^^ mod X {m G uj) (77) 

has solutions x^, y^ G G for each r] G "^2. Note that 

|{(x^^<r^)^(yo^):r7G-2}|<|G|<2«<^ 

We can find r] j^ u E '^2 such that x^ = xj' for alH < n and i/q = i/q. From r^ 7^ z/ we 
find a branching point j E u such that 

V{J) ^ ^{J) hntr]\ J = v \ j. 

We may assume 

77(j) = 1 and ulj) = 

and put Wm = Vm — ym- Subtracting the equations (z/) from {rj) we get from x^ — x^ = 
that 

and Wo = 1/0 ~ 1/0 = ^s well. For m < j we have z^ — z^ = and z^ — Zj = Zj, hence 
Wm = for m < j by torsion-freeness and 

Wj pj-i = Zj mod X 

which contradicts our choice of z^^s and pmS. 

If nuc {G/X) = Q, then G/X is divisible, hence X is dense and pure in G, we have 
-^ ^* G C^ X, where X is the Z-adic completion of X, and X is a free i?-modules of 
countable rank. Hence G/X C^ X/X = Q and there are 2*^'' independent elements 

in X/X. Using these independent elements, we find systems of equations expressing 
them as solutions Z-adic limits, which must be solvable by pro- Whitehead. Hence 
\G\ = \X\ = 2^° > Ki, which is a contradition. 

So we find Pm E R and Zm & G such that Pm-i does not devide Zm + X in G for all 
m E uj. The above argument applies again for n = and leads to a contradiction. 

Corollary 4.6 Any splitter of cardinality at most Ki < 2^" is free over its nucleus. 
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Proof: Let 

G = \^ Ga 

be an Ni-filtration of the splitter G. By Corollary ^]2| we may assume that each Ga is 
a pure and free i?-submodule of G with R = nuc G. If S denotes the set 

{a G cji : Ga is contra- Whitehead in G}, 



then 5* is not stationary in ui by the last Proposition 4.4. We may assume that all Ga 



are pro- Whitehead in G and each Ga+i/Ga is countable, hence free by Theorem |0. 



We see that G must be free as well. D 



5 Splitters Of Type I Under CH 

In view of Section 4 we may assume CH to derive a theorem in ZFC showing freeness 
for Ki-free splitters of cardinality Ki of type I. The advantage of the set theoretical 
assumption is - compared with the proof based on the weak continuum hypothesis 
WCH in Section 8 - that the proof given here by no means is technical. Recall that G 
is of type I if G = |J Ga for some Ni-filtration {Ga : a E Ui} oi pure submodules Ga 

such that each Ga+i/Ga (a > 0) is a minimal non-free i?-module. In this section we 
want to show the following 

Proposition 5.1 (ZFC + CH) Modules of type I are not splitters. 

Combining Proposition ^?I| and Corollary ^.6| we have can remove CH and have the 
immediate consequence which holds in ZFC. 

Corollary 5.2 Any Ki-/ree splitter of type I (and cardinality Ki^) is free over its nu- 
cleus. 



The proof of Proposition 5.1 is based on an observation strongly related to type 



I concerning splitting maps. Then we want to prove a step lemma for applications 



of CH. Finally we use CH to show Ext (G, G) 7^ in Theorem |5.1j . In Section 1 we 
noticed that if 

— >B ^C ^^ A — ^0 

is a short exact sequence, hence representing an element in Ext (A, B), then this element 
is if and only if there is a splitting map 7 : A — > C such that 7a = id a- This simple 
fact is the key for the next two results. 
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Observation 5.3 Let G = |J Gq, be a filtration of type I. For a G uJi, let 

— >H^ — >H^ — >Ga — >0 (a) 

be a continuous, increasing chain of short exact sequences with union 

— >H^ — >H — >G — ^0 (loi) 

and let H^ = G be ^i-free. Then any splitting map of (1) has at most one extension 
to a splitting map of (uJi). 

Proof: We may assume that the sphtting map a : Gi — > Hi of (1) has two extensions 
a,a' : G — > H which split. Since uji is a hmit ordinal, there is some (3 < uoi minimal 
with (o" — a') \ Gp 7^ 0. Clearly (3 is not a limit ordinal and a — a' induces a non-trivial 
map 5 : Gfs/Gp-i — > Hf^. The domain of this map is minimal non-free, while its range 
is Ki-free, hence 6 must be 0, a contradiction. D 



Step-Lemma 5.4 Let G = |J Ga be a filtration of type I and let 

— >H^ — >H^^Ga — >0 

be a short exact sequence with H^ = G. If c : Ga — ^ Ha is a splitting map, then there 
is an extension of this sequence such that a does not extend to a splitting map o' of the 
new short exact sequence: 

> iJ° > Ha ^ Ga >0 



i 


i 


h' 


i 


yo _ 


-^ H' 


■h^ 


Ga+1 



— > H^ — > H' T?i Ga+i — >0 

a' 

Moreover, the vertical maps in the diagram are inclusions and if Ga+i/Ga is n-free- 
by-1, then -B^+i ^-^ ^ fr^^ R-module of rank n and 

H' = {Ha © 5^+1, y'am-me Uj) 

and -B^_|_i is mapped under h' mod Ga onto a free maximal pure R-submodule of 

Ga+l/Ga- 
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Proof of the Step-Lemma 5.4: We will use special elements Sm & R {m G lo) to 



kill extensions. It will help the reader to pose precise conditions on the choice of the 
Sm's only when needed, which will be at the end of the proof. Readers familiar with 
such proofs will know that we are working to produce a p-adic catastrophe. 

First we use the fact that G' = Ga+i/Ga is minimal non-free, say n-free-by-1. By 
dgj) and (0) we have 

G' = (^ Xi R, HmR, m euj) 

i<n 

with the only relations 

ym+lPm = ym + ^ Xikim {m G Uj) 
i<n 

and coefficients 

By the last equations we can find Qam ^ G^ and Xai,yam ^ Ga+i such that 

Ga+l = {Ga, XaiR, VamR : i < U, m G Uj) 

with the relations yam+iPm = Vam + Yl ^aihrn + gam (meuj). 

i<n 

The action of a is known to us on Ga, hence we can choose a pure element ^ z & H^ 

and let Zm = zSm, hence H^ / zR is Ki-free by purity of z in an Ki-free /2-module. We 
also choose preimages ^„„ = Qam^y G Ha, hence 'Qamh = gam- We are now in the 
position to apply Proposition |2.2|. Let 



H' = {Ha © i?;+i, y'L-.me u) with B'^^, = xl,R C H' 



Kn 



be the extension given by the proposition with the useful relations 

y'am+lPm = y'am + Yl ^ai^im + ^^m + 9am(^ {m E Uj) {5.1] 

i<n 

and an extended homomorphism h' : H' — > Ga+i with 

h' \ Ha = h, x'aih' = Xai and y^m^' = yam {i < n,m Euj) 

such that 

ker h' = H^ and Im h' = G^+i- 

It remains to show the non-splitting property of the Lemma. 
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Suppose that a' : Gq+i — ^ H' is an extensions of a : G^ — > H such that 

a'h' = idG^^^- 

Now we want to derive a contradiction when choosing the s^'s accordingly (inde- 
pendent of a' !) We apply a' to (*) and get the equations in H': 

i<n 

If o?am = y'am " ?/amCr', and e„i = x^ - x^ia' then dam e i^° from 

C^am/i' = (yam ' yam(^')h' = y'^^h' - yam(^'h' = yam " 2/am = and kcr h' = H° . 

Similarly we argue with Cai and get 

Subtracting (*(t') from ( |5.1| ) leads now to a system of equations in H^. 

(^am+lPm (^am ~r / ^ (^ai'^im ~r ZSm- 
i<n 

We consider the submodule 

W = {dam + ZR, Cai + zR : i < 71,771 E Uj) r C H^ / zR. 

The last displayed equations tell us that W is an epimorphic image of a minimal non- 
free i?-module, hence or non-free of finite rank. On the other hand H^/zR is Ki-free 
as noted above, hence W = or equivalently 

{dam, Gai '■ 171 E U , i < Tl) R C zR = R 

The original equations 

Wam+lPm ^am ~r / ^ dai'^im ~r Sm \^"^) 

i<n 

still hold, but this time require solutions dam,^ai ^ R- We get to an end: just choose 
rational numbers Sm & R such that (|5.2| ) has no solutions. The existence of these s^'s 
follows from Lemma |2.1j . Finally note that dealing with ( |5.2| ) is independent of the 
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particular choices of the extensions of a as required in the Lemma. D 

Proof of Proposition 5.1: Let 



H^^G= U G, 



a 

be the module of type I. We must show that Ext {G, H^) ^ and need a non-splitting 
short exact sequence 

— > H^ — > H ^G — ^0 (5.3) 

which we construct inductively as an ascending, continuous chain of short exact se- 
quences 

— >H^ — >H^^G^ — ^ 

with union (p. 31). Let 

— > i7° — >Hi^Gi — > 



be the first step with Gi a free i?-module of countable rank. By Observation |5.3| and 
CH we can enumerate all possible splitting maps a : G — > H of extensions h as in 
(|5.3| ) of all /ii's by a;i, and let {aa '■ G — > H, a E ui} be such a hst. Using the 
Step-Lemma ^^ and the uniqueness in Observation ^^ we can discard any o"q at stage 
a when constructing 

>• H > Ha+l -^ Ga+1 ^ 0. 

The resulting extension ( |5.3| ) can not split. D 



6 Splitters Of Type II 



An i?-module G is of type II if G has an Ki-filtration G = |J Ga of pure submodules 

Ga such that G/G^ is Ki-free for all non-limit ordinals a G cui, see Section 3. In this 
section we want to show our second main 

Theorem 6.1 If G is of type II, then G is a splitter if and only if G is free over its 
nucleus R. 
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Remark Theorem BTTI includes that strongly Ki-free i?-niodules are never splitters, 



except if trivially the module is free. This was very surprising to us. 

Proof: If S* = {a G tUi : G/Ga is not Ki-free}, then S" is a set of limit ordinals by 
(|3.1| ), and if a G S* we also may assume that Ga+i/Ga is minimal non-free, compare 

§3. 

We get a F- invariant T{G) defined by S modulo the ideal of thin sets, see e.g. 0]. If 
T{G) = 0, then we find a cub C C a;]^, with CnS = and G = [J Ga- Let ao = minC. 

Then G = G^q © F for some free i?-module F, and Ga^ is a countable submodule of G 



which must be free over R by Hansen's [|T2| result, see also |T^. Hence G is free. Note 



that the hypothesis of G being Ki-free is not used in this case! If T{G) 7^ we want to 
show that Ext {G,G) 7^ 0. Theorem BTI| can be rephrased as 



If G is of type II, then G is a splitter if and only if T[G) = 0. (6-1) 

Now assume that S is stationary in ui. We want to construct some H — > G — > 
with kernel kerh = H^, G isomorphic to H^ by 7, which does not split. If Ga'y = 
H'^ {a G Ui), then 

is a (canonical) Ki-filtration of H^ copied from G. First we pick elements Za G H^ 
such that ZaR — R and H^/zaR is Ki-free, e.g. take any basis element from a layer 
H'^_^_2 \ -f^^+i of the filtration of if °. Then we define inductively a continuous chain of 
short exact sequences (a G cui). 

^^^io^H'^H^^G.^O 

(^countable, free submodules Hf^ C^ H^, and ordinals (3 < (3' < uji 

subject to various conditions. At the end we want in particular if = |J Ha = IJ H°'. 
If /3 = 0, then Go = and we take the zero map ho : H^ — > Go — > with kernel 

Suppose {(3) is constructed for a\\ (3 < a. If a is a limit, we take unions ha = |J /i/j, 

f3<a 

Ha = U Hp and H" = |J if^, assuming that at inductive steps sequences extend 

/3<a /3<a 

(naturally) by inclusions. Then visibly (a) holds. 

We may assume that (a) is known, and we want to construct (a + 1). 
li a ^ S, then we extend (a) trivially: 
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Put iJ"+^ = iJ° © Fa with Fq, a free i?-niodule of the same rank as the free i?-module 
Ga+i/Got- As Ga+i = F^ Q) Ga, we may choose an isomorphism h' : Fa — > -F^ 
and extend ha to /i^+i by ha+i = ha ® h' . Clearly ker ha+i = ker ha = H^ and 

Imha+i = Ga+i- 

If a G 5, then we must work. We have Ga+i/Ga = (-B^+i,?/^ : m E u) from ( ^^ 
and (|2^) . Hence 

Ga+l = {Ga,Ba+l,yamR : fJl E u) , Ba+1 = ^XaiR (6.2) 

with relations 



yam+lPm yam 



+ '^Xaihm + gam (mEUj), (6.3) 



i<n 



where gam £ Gq,. Let Ba+i = x^ji? be a copy of -Bq,+i. Then we pose the following 

i<n 

additional conditions on (a + 1). 

(a) H°' ha+l = Ha+lha+l = Ga+l 

(b) Ba+l C Ha+l 

(C) H-+^/H- - Ga+l/Ga 

(d) H^+^/Hp + ff; is free for all /5 < a, /5 ^ ^ and 7 G cui 

(e) m+^/Hp + if; is Ki-free for all /? < a, 7 G u;i 

(f) ii;+,C/J,^ini7° = i7('„^,),. 



We choose preimages gam £ Ha such that gamha = gam and apply Proposition 2]2| to 
define the extension 

jja ^ jja+1 ^ (^jja ^ ^^^^^ -^^^ : m G Cu) 

with the relations 

yam+lPm yam ' / ^ •^ai'^im ' ^am^am ' yam V^'^J 

where 

Ba+i = ^x[R 

i<n 
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as required in (b). Similarly, by Proposition T^ the map ha extends to an epimorphism 



ha+i '■ H°'^^ — > Ga+i- It is now easy to check that (c) holds and it is also easy to see 
that keiha+i = H^- Next we extend Ha C Ha+i carefully such that (a + 1), (a), (b), 
(d), (e) and (f) hold. 

Im ha+i = Ga+i is a countable module of the Ki- free i?-module G, hence free and ha+i 
must split. There is a splitting map 

a : Ga+i — ^ H°'^^ such that aha+i = idc^+i , 

hence m+^ = H^ ® Ga+i^- Let 

TTo : i/°+^ ^ i/°, TTi : /7"+l > Ga+lCT 

be the canonical projections with ttq + 7ri = idn^+i- Recall that Ba+i C i/"+^. Choose 
j3 E uji large enough such that P ^ S, P > a',a + 1 and (-Bq+i + Ha)7!'o ^ H'^. This 
is easy because uji\ S is unbounded and (-Bq,+i + Ha)7!'o is countable. Put Ha+i = 
H'p © {Ga+icr) and f3 = {a + 1)'. Note that 

Ga+l = H ha+l ^ Ha+lha+1 ^ Ga+lCha+l = Ga+1 

and (a) follows. 

If 7 < (a+1)', then Ha+i+H^ = Ha+i and if 7 > (a+1)', then Ha+i+H'^ = H'^®Ga+i(J 
and (d) follows. We see immediately Ha'Ki C Gq+ict and Ha'Ko C H',^-^y, hence 

Ha C Ha-Ko + Hal^l ^ /J^+i 

and (a + 1) holds; similarly Ba+i C /7q,+i for (c). From H',j^^y C i7° and the modular 
law we have Ha+i n H^ = H'^a+iy ® (Ga+icr n H°) = H'^a+iy ^^^ (f) holds. 

Finally we choose H = [J H°', h = [J ha and 

— ^i7° — >H ^G — ^0 (6.5) 



is established and it remains to show that ( |6.5| ) does not split. Suppose for contradiction 



that a : G — y H is a splitting map for h. We have H = [J Ha and G = [J Ga 

^^1-filtration. Using the above properties of the Ha^s, it follows by a back and forth 
argument that 

E = {aeiUi:HanH'^ = H'^, Gacr C Ha) 
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is a cub. On the other hand S is stationary in ui and we find 

a e SHE. 
From ( |6.3| ) and ( |6.4D we have 

and 



yam+lPm yam 



+ y ^ Xciikim + 2;Q,SQ,m + 9am With Qam'^j 9am ^ -"a and GqCT C tl^. 



i<n 



rUt Ctfj,jj — IJam, Vam.'^i Jam — 9am 9am'^i (^ai — ^ai Xai(7 anCl nOtlCe tnat 

(^am'^ dai'^ Jam'^ U, nence Ojarri) (^aiy Jam fc -^ . 

Subtracting the last displayed equations we get 

\J ) (^am+lPm (^am ' / j ^ai'^im ' Jam ' ^a^am ^'^ ^ ■ 

i<n 

Recall that fam ^ H^ fl H^ C H'^, by (f) and mod T = H'^, + z^R the equations 
(j) say that W = {dam, Gai '■ i < n,m E uj) + T/T is either minimal non-free or 0. On 
the other hand H^/T is Ki-free, hence W = and {dam,€.ai,Za) C H'^ + ZaR. Recall 
from (e) that H^ / H'^ is Ki-free. Hence (j) turns into 

(^am+lPm =^ ^am ~r / ^ (^ai'^im ~r ZaSam mOQ. n^. 
i<n 

Using Ki-freeness of H^/zaR these equations tell us that we must have solutions 

\Kj (J'am+lPm ^am ' / j ^^ai'^im ' °am- 

i<n 

In Lemma |2Tl| we selected particular Sq^'s in R such that (k) has no solution in R. Now 
we are ready to make this choice which we should have done right at the beginning of 
the proof and hence derive a contradiction; we conclude Ext {G, G) ^ 0. D 
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From Theorem |6.1j we see that non-free but strongly Ki-free abehan groups are never 



sphtters. We find this very surprising. Particular groups like the Griffith-group G 
below which is a Whitehead group (Ext (G, Z) = 0) under Martin's axiom and -iCH is 
not a splitter. Recall a nice and easy construction of G which is sometimes Whitehead 
but always fails to be a splitter in general. 

Let P = Z^^ = Yi Q^^ the cartesian product of Z. If A G Ki is a limit ordinal choose 

an order preserving map 6x : u ^ \ with sup(cij5a) = A. Then, along this ladder system 
we define branch-elements 

i>n 

which are a 'divisibility chain' of caq modulo aZ, hence 

aeNi 



{^H aZ, c\n : A G Ki, A a limit ordinal, n E uj) 



is a pure subgroup of P. We see that |G| = Ki and G is Ki- free by Ki-freeness of P; see 
§ (Vol 1, p 94, Theorem 19.2). Moreover r^ ^ because Gp = <Gn ]\ aZ {(3 e uoi) 

is an Ni-filtration of G with G\^i/G\ divisible for all limit ordinals A. Hence G is not 
free. It is easy to check that G is Ki-separable, hence strongly Ni-free; see also 0, p. 
183, Theorem 1.3. 



7 Splitters Of Type III 

If G is of type III then we recall from Section 3 that G = IJ Gq., Gq = with (3.4) - 

(3.6) and Gi = |J Gqj and {Gqj : j G cui} is an Ki-filtration of pure submodules Gqj 

such that each Goj+i/Gqj is minimal non-free. Here we will show: 

Theorem 7.1 Modules of type III are not splitters. 

Proof: Let G' = IJ G'^ be an isomorphic copy of G taking Gq, to G'^, and choose a 

sequence of elements z^ G G^^2 (a G cji) such that 

G'a+i ^ ^aR = and G'^_^_2/G'^_^_i © ZaR is Ki-free. 
This is possible by (HI). 
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By a basic observation from Section 1 it is enough to show that Ext(G'i,G) 7^ 0. 
Inductively we will construct a non-trivial element in Ext{Gi,G). We consider the 
following diagram 



(0) 





^ G' - 




ho 
'r 


i 


-^ 


m 


— 


^ G' - 


i 


hfj 
> 


i 


-^ 


M 


— 


^ G' - 


-^ H 


h 

> 


Gi 


-^0 



The first row is the trivial extension with G' = H^ and /iq = 0. Vertical maps and 
maps between G' and H's are inclusions. The sequences {(3) are increasing continuous 
and suppose {(3) is constructed for all /5 < a. Then ha= \J hp and 

— > G" — > U /J'^ ^ Go„ — ^ 

/3<a 

if a is a limit. Next we want to construct {a + 1) from (a) and recall that G' = 
Goa+i/Goa is minimal non-free generated as in (p.3|), (|2.4|). We can write 



Goa+l = {Goa, Ba+liVamR'- ^ ^^)-, Ba+l = ^^XaiR (7.1) 



with relations 



yam+lPm — Ham + / ^ ^aikim + 9am [f^ ^ ^)y 9am ^ Gqci- {'■^) 



i<n 

Then we define 



/i«4-l : H > Gnrv+l — ^ 0. 



by Proposition |2.2| . Hence 

H^+^ = (i7- © 5,+i, y,^i? : m G ^) 



has the relations 



yam+lVm 2/am ~r / ^ Xaii^im ~r •Z^aSctn^ -p 5'an (^^^ fc ^/j v' "'^J 
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j<n 



where the Sam ^ R will be specified later on, and (jam ^ H°'- 

Suppose that (ui) splits and consequently a : Gi — > H is a splitting map for h. 
Then let 

d/Bm = y/3m — VlBm, C/Jj = X/jjO" — Xf3i and ff^rn. = QprnO' — Q/Bm- 

From splitting we get again 

d^m, e/3i, fi3m € G" {P E Ui, 171 & U, i < Tl) . 

Using G' = [J G'^ for /3 G cji we find a E ui such that 

d/3m, e/3j, ff3m ^ G'^ for alH < n, m G lu. 
Consider a map r : uii — > Ui taking any a G u;i to 

r(a) = min {(3 G uJi] /3 a limit ordinal, (iam, Coj, fam € ^^^3, a < /?, m G cu, i < n} 

and note that C = {a E uoi : t{q) = a} is a cub in uji and a subset of 

E = {a E uj : a a. limit ordinal, dpm, e^i, fpm ^ G'^, for all /5 < a, i < n, m G u;}. 

Hence i? is a cub in oji. Next we apply a to ( [7.21) and subtract (|7.3|) . Hence we get a 
system of equations in i7"+^. 

(^am+lPm ^am ~r / ^ (^ai'^im ~r Jam ~r ^^a-Sajji (^?7i G CUJ (^ ( .4J 

i<n 

If a G -E, then modulo H°' the equations ( [7 .41) turn into 

(^am+lPm = (^am ~r / ^ (^ai'^im ~r ^aSo-rn (^^ G Cc'J 
i<n 

and modulo ZaR an earlier argument and Ki-freeness of G' /Ga © ZaR show that the 
last equation requires solutions dam, Cm £ -R for 

^am+lPm ^am ~r / ^ (^ai'^im ~r "Scfrre (^'^ G CJj 



By a special choice of Sam's in Lemma 2.1 this is now excluded, a contradiction. Hence 



LUi) has no splitting map and Theorem |7.1j follows. D 
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8 Appendix: Splitters Of Type I Under 2^o < 2^i 

In Section 5 we have seen a proof that CH imphes modules of type I are never sphtters. 
A shght variation but some what technical modification of the proof, shows that this 
result can be extended to WCH that is 2^" < 2^^ Due to Section 5 this is not needed 
for the main result of this paper dealing with modules of cardinality Ki but it will be 
interesting when passing to cardinals > Ki. We outline the main steps, their proofs are 
suggested by the proofs in Section 5. 

Theorem 8.1 ( ZFC + 2*^" ^ 2^^) Modules of type I are not splitters. 
Step-Lemma 8.2 Let G = [J G^ be a filtration of type I and let 

— >K — >Ha^Ga — >0 

be a short exact sequence with some z & K such that zR = R and K, K/zR are Ki-/ree. 
Then there are two commuting diagrams (e = 0, 1) 

— > K — > H^ ^ Ga — ^0 

— > K, — > H, ^ G^+i — ^0 
with vertical maps inclusions such that any third row with H[ 'Ri-free, 

O^K'^^H'^^Gfs^O 
and any splitting map a of h cannot have two splitting extensions a^ of h'^ : 

— > K — > H^ ^ G« — ^0 
— > K, — > H, ^ Ga+i — ^0 

— ^ K'^ — ^ H'^ ^ Gp — ^0 

Moreover H^ = {Ha^ B^^^, y^^ : m & uj) and B^_^^ is mapped under h^ mod Ga 
onto a free maximal R-submodule ofGa+i/Ga cf. l \2.!^) . 
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Definition 8.3 // such an extension a^ as in (El:) exists for some e G {0, 1} we say 
that a spHts over {H^,h^). 



Proof of Lemma |8.2| : Compare the proof of the Step-Lemma ^.41 but note that at 



the end you must take once more differences of the elements dami^ai for e = 1 and 
e = respectively. Then we are able to apply Lemma p.l| to get a contradiction from 
splitting. n 

We then apply the Step-Lemma and weak diamond $t^^ to construct a short exact 
sequence 

— >H^ — > H ^G — ^0. 

Let 7 : G — > H^ be a fixed isomorphism. Later we will use consequences of ^^Ji 
to show that h does not split. 

Proof of Theorem 8.1: H K = G^J, then H° = [j H'^ is an Ni-filtration if 
G = IJ Ga is the given filtration of type I. 

Let T = "^^^2 be the tree of all branches r] : a — > 2 for some a & ui. We call a = l{ri) 
the length of i]. Branches are ordered as usually, hence t] < r]' ii rj' \ Dom t] = t]. The 
empty set is the bottom element of the tree. If ?7 G T, then we construct triples 

of -R-modules 11^ C H^ with H^j free of countable rank and a homomorphism 

hrj-.H'^ — >G 

subject to various natural conditions. 

H^ = H^, i/0 = and h^, = 0, hence 

— > H° — ^ iJ0 ^ Go = — > is short exact. 

'if ri < ri', then {H^,H\hr,) C {Hr^^.H'^'.h^'), i.e. 
Hr^ C if^,, H'^ C H"^' and h^, C h^,. 

(iii) H^ = ker /i^ and Im /i^ = Gi(^) = Hf^hj^. 
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If a G C(Ji is a limit and rj G "2, then we take unions 
'1^' ^ {H,,H^,h,) = U {H,^p,H^^^h,^p) = ( U H,^f^, U H^^^, U /^.r/3)- 

/3<o /3<a /3<a /3<a 

If /(r^) = a we put further restrictions on those triples. In this case G' = Ga+i/Ga 
is minimal non-free, and G' can be represented by ( |2.3| ), ( |2.4| ). There are elements 

fi'am ^ Ga,Xai,yam ^ ^a+1 With 

Ca+l = {Ga,Ba+l,yamR '■ m E iu) , -Bq+1 = ^j;^ a;Q,i -R 

and relations 

Vam+lPm Vam ' / ^ •^ai'^im ' yam- 

We choose an isomorphic copy B^+i = XaR of B^+i and now continue defining the 

i<n 

tree with triples. 

If e G {0, 1}, then we require more from (if^-<e>, H^ ^^^, hrf'<,e>)- 

(S i) H^ © Ba+i C Hn~<e> 

(S ii) i/^/ + if^; C, i7^"<^> for all r/' G "-2, and /? G u^. 
(S iii) KCH^nH'^C Ha' for some a' G [a, ui) 

Note that Hr^nH^ = ker (/i^ f if^). 

(S iv) The crucial condition: 

Suppose a : Ga — ^ -f^,, is a homomorphism extending to cr^ : Gq,+i — > H^ ^^^, then 
not both of them can be splitting maps over (if,,-<e>5 h^'<e>) for e = 0, 1. 

Before we begin with the inductive construction, we observe from (iii) that G^+i/Ga — 
H^'^.y/Hrj ^ H'^~<'>/Hi for Dom?7 = a. 

li T] e ^^2 and H = H{r]) = [j Z/''^", then H' = [j Hnia ^ H from (ii). (S iii) 

ensures H^ C H' and from (iii) we get H/Hq = H'/Hq, hence H' = H. This will show 
that 

(r/1) H{r^) = U H,^a = [j H^^'^ (t? G ^^2) 

a<a;i a<a;i 
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Similarly h{ri) = |J /i^^q, is a well-defined homomorphism h{ri) : H^rj) — > G by (ii) 



it is onto with kernel H^ by (iii), hence 

(772) ^ /J° ^ H{r]) ^ G ^ (77 G "12). 

Condition (r^l) provides an Ki- filtration used to apply weak diamond $ for showing 
that {ri2) does not split for some rj. 

Next we will show that the tree with triples exists. This will follow by induction 
along the length a branches rj G "2. The case a = is (i) and already established. 
Suppose the construction is completed for dX\ (3 < a and a < cji is a limit ordinal. For 
?7 G "2 we define (if,,, if, hr^) as in (iv) and it is easy to verify that all conditions hold, 
notably (S iii), because we take only countable unions. We come to the inductive step 
constructing {Hr^'^^^,H^ <^>,/i^-<£>) from {H^,H^,hjj) for a = Domr^. 

First we adopt the Step-Lemma for K = H'^nH^ = ker h^, H^ = H'l, H, = ii'?"<^>, h = 
hri, h^ = hri'<e> and note that the needed element z exists because if fl H^ C H'^ is 
free. We must still define if^-<e> ^ H^ carefully satisfying (ii), (S i) - (S iii) and the 
last equality in (iii): Write again h^ for h^j-^^^ and H*^ for H"^ ■^^^. We know that 
Im he = Ga+i is a countable submodule of the Ki-free module G, hence free and h^ 
must split. There is a splitting map ipe : Ga+i — ^ H'' such that ^pehe = idca+i, hence 

W = H^® (G^+iV^,) 

from the first part of (iii). Let tTq : H'^ — > H^ and vrj : H^ — > H^ be the canonical 
projections, hence ttq + tt^ = idu^. 

Choose 13 = {a + 1)' < oui large enough such that Ba+irco U ii^vro C H'^^, where Ba+i 
is taken from the Step-Lemma. We can choose (3 because B^+i and H^i are countable. 
Put 

hence by the known half of (iii) 

Ga+l = H^he ^ Hn'<e>he ^ G^+l^ehe = Ga+1 

and the other half of (iii) follows. 

If 7 < /5, then Hn'<e> + H'^ = Hn'<e> and if 7 > Z^, then Hrr<e> + H'^ = H'^® (Ga+iV^e) 
with quotient H'^'<'>/H'^ © {Ga+i^e) = H^ / H'^ which shows (S ii). Trivially ii^vri C 
(Ga+iv^e) and ii^vro C H'^ by the choice of /3, hence 
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and (ii) holds. Similarly B^+i C Hn~<:e> and (S i) is shown. From H'^ C H^ and the 
modular law we have 

and (S iii) holds. 



The construction of the tree with triples is complete. We are ready to use the weak 
diamond $^^^(5*) to show that G is not a splitter. 

We will use $^^-^(5*) as stated in Eklof, Mekler [^ p. 143, Lemma 1.7] and note that 
G = IJ Gq,, Hirj) = IJ Hrjia are Ki-filtrations. $a;i('S') must tell us which t] G "^^2 we 

should pick. We define a partition P so that for a G S" a homomorphism a : Ga — ^ Hri 
{rj G "2) has value Pa{<y) = if and only if a does not split over {Hrj'o, hr^'o)- By the 
Step-Lemma build into the construction, we observe that 

(a) if P(cr) = 1, then a cannot split over (iJ^-i, /i^-i) 

The prediction principle finds us a branch rj E^^2 with the ^-property 

, , J If cr : G — > H is any map, then 

1 S" = {a G 5 : Pa{o^ \ Ga) = vi^)} is stationary in Ui. 

We pick that branch and build H = H{r]) and h = h{ri) accordingly, hence 

— > H^ — > H — > G — > is short exact. After the branch is fixed we let 
j^Ti\a _ jja^ ^ j- jja _ ^^ ^^^^ Hr,\a = Ha- Now wc claim that the last sequence does 
not split. Suppose to the contrary that a : G — > H is a splitting map, hence ah = idc- 
Notice that the set 

G = {a<uJl,Haf^H'^ = K, Gaa C Ha} 

is a cub. Since S' C ui is stationary, we find an a G S" fl C and also let a \ Ga = cr, 
hence 

la: Ga — * Ha C H"', PaM = 7] (a) and 
(c) < 

I o" is a splitting map of ha '■ H'^ — > Ga- 

We also find some a < [3 & G. The difficulty is that Ga+i^ C Ha+i does not follow, as 
in the case S is not costationary. Hence we need the stronger Step-Lemma (as usual). 
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If ri{a) = P{o-) = 0, then {Hj^-q, hr^-o) is part of the construction of 

— > H — > Ha+i — > Ga+i — > 

and a does not spht over {Hj^-q, hri'o), but cr is a global splitting map, hence a splits at 

/3 over {Hr^-Q, hri'o), a contradiction. 

Necessarily ri{a) = P{cr) = 1 and by (a) a does not split over (iJ^-i, /i^^i), but this 

time {Hjj'i, /i,,-i) was used in the construction of H — > G and a contradiction follows. 
This shows that a is no splitting map, and G is not a splitter. D 
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